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Student understanding of decimal number is poor (e.g., Baturo, 1998; Behr, Harel, Post & Lesh, 
1992).  This paper reports on a study which set out to determine the cognitive complexities 
inherent in decimal-number numeration and what teaching experiences need to be provided in 
order to facilitate an understanding of decimal-number numeration. The study gave rise to a 
theoretical model which incorporated three levels of knowledge.  Interview tasks were developed 
from the model to probe 45 students’ understanding of these levels, and intervention episodes 
undertaken to help students construct the baseline knowledge of position and order (Level 1 
knowledge) and an understanding of multiplicative structure (Level 3 knowledge).  This paper 
describes the two interventions and reports on the results which suggest that helping students 
construct appropriate mental models is an efficient and effective teaching strategy.  
Decimal numbers have an intellectual value in that they form "a rich arena within which children can 
develop and expand the mental structures necessary for intellectual development" (Behr, Lesh, Post, & 
Silver. 1983, p. 91).  However, students have difficulties in acquiring the appropriate structural knowledge 
of decimal numbers (Baturo & Cooper, 1998; Behr, Harel, Post & Lesh, 1992), difficulties which appear to 
stem from impoverished understandings of whole-number numeration (Resnick et al., 1989; Wearne & 
Hiebert, 1988), particularly multiplicative structure, position and order (Baturo, 1998), and the notion of a 
fraction (Lamon, 1996; Resnick et al., 1989).   
In Australia, formal instruction in tenths, hundredths, and thousandths is undertaken in Years 4, 5 and 
6 respectively.  An earlier study (Baturo, 1998) of the decimal numeration knowledge that students had 
abstracted as a result of their formal instruction in tenths and hundredths, found that, of the 329 students 
tested, 12.8% only had constructed appropriate knowledge of tenths, 3.9% only had constructed the 
appropriate knowledge of both tenths and hundredths, whilst 60.5% did not have knowledge of position and 
order of the places.  As a result of her analysis of the concepts and process required for an understanding of 
decimal-number numeration, Baturo (1998) developed a numeration model (see Figure 1) to show the 
required cognitions and how they might be connected.   
The model depicts decimal-number numeration as having three levels of knowledge that are 
hierarchical in nature (i.e., they represent a sequence of cognitive complexity).  Level 1 is the baseline 
knowledge associated with position, base and order; Level 2 is the “linking” knowledge (for Levels 1 and 
3) associated with unitisation (Lamon, 1996) and equivalence; while Level 3 is the structural knowledge 
that provides the superstructure for integrating all levels and is associated with reunitisation (Baturo & 
Cooper, 1997), additive structure and multiplicative structure (Baturo & Cooper, 1998).  Within the model, 
multiplicative structure relates position and base into an exponential system (Baturo & Cooper, 1998; 
Smith & Confrey, 1994) to give value and order.   
  
 
 
 
 
 
 
 
 
 
 
 
Figure 1. Cognitions and their connections embedded in the decimal number system (Baturo, 1998). 
A follow-up interview based on the numeration model, revealed that multiplicative structure was the 
major factor that differentiated between the top 3.9% and the next 8.9% of students, whilst a knowledge of 
position and order differentiated the low performing students from all other performance categories (high, 
medium, low).  As part of the validation of these findings, intervention episodes were trialed to help 
students construct a mental model of position and order, and of multiplicative structure (see Baturo & 
Cooper, 1998, for a full description of the latter intervention).   
Central to current theories of understanding are the issues of knowledge representation and 
connection.  Representations may be external (concrete, pictorial, diagrammatic, written symbols, spoken 
words) or internal (referred to as mental models in this paper).  Connections may also be external and 
internal (e.g., English & Halford, 1995; Hiebert & Carpenter, 1992; Sfard, 1991).  External connections are 
those that are made:  (a) between external forms of representation (e.g., between concrete and symbolic 
representations); and (b) within the same representation (e.g., by noticing patterns or regularities in the 
system).  Internal connections are those that are made in the mind when relationships between internal 
representations of ideas are constructed to produce networks of knowledge (Hiebert & Carpenter, 1992).  
Two mental models (symmetry and exponential) (see Figure 2) may be constructed to accommodate the 
notions of position and order, and multiplicative structure respectively (Baturo, 1998).   
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Figure 2.  Representations of the symmetry and exponential mental models (Baturo, 1998). 
The symmetry mental model is based on a syntactic feature of the decimal number system, namely, 
the position of the place names themselves and therefore provides a “sense-making” crutch for memorising 
the decimal-fraction places.  The linear model (see Model A in Figure 2) shows both position and order of 
the place names in a continuous horizontal line from left to right whereas the V-shaped model (see Model B 
in Figure 2) enables a focus on the mirror image of the place names.  Unlike the exponential model, neither 
symmetry model shows the exponential relationships (i.e.,  and  by 10, 100 etc.) although they are 
implicit in Model A.  In the course of numeration instruction, students, in the early years, are exposed to the 
place value chart (external representation of Model A) but, as Figure 3 shows, the appropriate symmetric 
relationships aren’t constructed by most students unless explicated by the teacher.  It may be that the place 
value chart is associated too strongly with order from left to right to facilitate the perception of the 
symmetric relationship and therefore a different representation of the symmetric relationship (e.g., Model B 
in Figure 2) is required.   
 
 
 
 
Figure 3.  Year 6 students’ attempts to make sense of the symmetry relationships between the  
whole-number and decimal-fraction place names (Baturo, 1998). 
With respect to the students’ constructed mental models of the symmetry relationships, students 
either focused appropriately on the ones as the point of symmetry and ignored the decimal point (see A in 
Figure 3) or tried to accommodate the decimal point as well (see Types B to E).  In Baturo’s (1998) study, 
the appropriate Type A was constructed, without teacher direction, by the very highest-achieving students 
only.  Other tasks in Baturo’s study revealed that most students saw the decimal point as another place in 
the decimal number system rather than as an indicator to separate the places denoting wholes from the 
places denoting parts of wholes.  Thus, although Types B, C, and D produce appropriate symmetry 
relationships, they are based on inappropriate thinking.   
The exponential mental model is continuous, bi-directional, and exponential (i.e., for binary 
relationships, all adjacent places are related to the left through multiplication by 10 and to the right through 
division by 10).  Thus, it should enable students to predict that the next decimal-fraction place should be 10 
times smaller than the preceding one but, unlike the symmetry mental model, does not enable students to 
predict the name of the place.  In Baturo’s (1998) study, the very highest-achieving students only had 
constructed this mental model for themselves but, for some students, there was a problem with the 
legitimacy of it because it was not teacher-directed.   
Mental models promote abstract schema (Ohlsson, 1993) which reduce cognitive load (Halford, 
1993), thus freeing working memory to focus on other aspects of a task.  Students with such schemas are 
able to accommodate instantaneously all new whole-number and decimal-number places into their existing 
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schema.  However, students who don’t perceive the pattern of binary and ternary relationships are forced to 
consider all new places as separate entities, thus developing “content-full” schemas (Ohlsson, 1993, p. 52) 
which places a strain on cognitive load.  Ohlsson claimed that abstract schemas, which encode for structure 
rather than content, allow cross-domain transfer to be attempted but do not guarantee success.  On the other 
hand, “content-full” schemas, which appear to encode for content rather than structure, do not allow cross-
domain transfer because they require perceptual triggers to be activated.   
KNOWLEDGE OF POSITION AND ORDER 
To assess their understanding of position, students were asked to name the individual places in 3.78, 
378, 37.8, and 378.0.  All of the high and medium performing students but only 30.8% of the low-
performing students were able to do so.  (See Figure 4 for an example of the impoverished knowledge 
exhibited by these students.)   
 
 
 
 
Figure 4.  One low-performing Year 6 student’s knowledge of position and order of place names.   
To assess their understanding of the order of the place names, students were given cards with the 
place names from thousands to written in words and asked to put them out in order.  The results were the 
same as for the previous task.    
Students who knew position and order were of two types  those who revealed knowledge and 
application of the symmetry mental model and those who memorised each place.  The former students were 
able to draw on this symmetry mental model to predict the names of other (and unlearnt) decimal place 
names and therefore had an abstract schema for position and order; the latter students who relied on 
memory were unable to do this.  The interventions were individual and ad hoc (i.e., unplanned) and were 
trialed with 9 of the low-performing students who had no knowledge of position and order.  These students 
had been unable to order the place names from thousands to hundredths and unable to predict the name of 
the next decimal-fraction place after hundredths.   
Basically, the intervention required the students to construct the symmetry model using place name 
cards (see Figure 5).  This V-shaped representation of the symmetry model was used to facilitate a focus on 
the ones as the point of symmetry.   
 
Figure 5.  Construction of the symmetry model in the intervention episodes. 
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To construct the model, the interviewer placed the ones card first and then the tens card in the 
position shown in Figure 5.  The student was asked what he or she would place in the same position on the 
right of the ones.  If the student could not do this, the interviewer placed the tenths card for the student.  The 
process was then repeated for hundreds and hundredths.  Finally, the interviewer placed the thousands card 
and asked the student if there could be a name in the mirror position (“on the other side”) for thousands.  
The student was then asked to write the new decimal-fraction name on a blank card and place the card in 
the appropriate position.   
Throughout the construction process, the interviewer stressed the position of each place with respect 
to the ones, saying, for example:  If I put the tens one place to the left of the ones, what name will you put 
one place to the right of the ones?  The full language that accompanied the construction as well as the 
language that connected the symmetric features of the whole-number and decimal-fraction places into an 
integrated model is provided in the following protocol.  (I = interviewer; S = student.) 
I: If I put the ones in the middle and the tens one place to the left of the ones, what will you put 
there one place to the right of the ones?  (She placed the tenths to the right of, but beside, the 
ones.)  You be a mirror for me (putting the tenths as shown in Figure 5).  If I put hundreds two 
places on the left of the ones, what will you put two places on the right?   
S: Hundredths (placing it correctly). 
I: Now if I put thousands three places on the left of the ones, what will you put three places on the 
right of the ones?  [S:  Mmm . . . nothing (after a very lengthy pause).]  Can you see a pattern? 
S: Ohhh!  Thousandths. 
I: I’m going to jumble the place names up now and I’m going to ask you to put them out in order 
for me.  (She put them out in the V-shaped form used in the construction.)  Could you put them in 
a line for me?  (She did so correctly and with very little hesitation even though she had been 
unable to do this in an earlier task.) 
The following protocol of another student reveals the power of the symmetry model in promoting 
appropriate thinking:  And over there, thousandths.  So it’s the ones that are in the middle (sounding as 
though he’d made a great discovery)!  I thought the decimal point was in the middle. 
INTERVENTION FOR MULTIPLICATIVE STRUCTURE 
In Baturo’s (1998) study, the students (highest-performing) who had constructed the exponential 
mental model were able to abstract the continuous, bi-directional and exponential properties of 
multiplicative structure.  The other high-performing students (those who were good at tenths but not 
hundredths) had developed faulty abstract schema in that they were in conflict between additive and 
multiplicative structure (see Figure 1).  For example, they abstracted the continuous property of 
multiplicative structure but were unidirectional, associating the leftwards shift with multiplication and the 
rightwards shift with subtraction.  They appeared to understand the role of the base because each student in 
this category associated shifting one place to the left with – 10 and two places to the left with  100 (instead 
of  10,100 respectively).  The medium performing group knew the continuous property but either 
employed full additive structure (+ 10,  10) or did not have an understanding of the role of the base in the 
exponential property (e.g.,  1, 7, 70, 25 or 50;  20).  Individual intervention to promote the mental 
exponential model (see Figure 2) was given to 17 students (1 very high achiever, 7 high achievers and 9 
middle-low achievers).  These students had generally been unable to do tasks such as:  0.3  10 = __, 4  10 
= ___ (Type A tasks  see Figure 6), and “use a calculator to change 7 tenths to 7 ones, and to change 8 
ones to 8 hundredths” (Type B tasks  see Figure 6).  These tasks were complementary in that Type A tasks 
provided the starting number and the relationship and the finishing number had to be determined.  Type B 
tasks provided the starting and finishing numbers and the relationship had to be determined.   
 
 
 
 
 
 
Figure 6.  Types of multiplicative structure tasks. 
The high-achieving student had been able to do the Type A task indicating that she had available 
knowledge of multiplicative structure but had been unable to access this knowledge in the Type B tasks 
(which was a nonprototypic task for these students).  Thus intervention for this student focused on 
explicating the similarities and differences between the two types of tasks.  This immediately triggered 
access to her available knowledge as her protocol shows.  
I: Here, we had 3 tenths multiplied by 10 equals 3 (referring to her correct answer).  In this one, you 
were told what to do and you had to work out the answer, but for this one (change 7 tenths to 7 
ones), you’ve got the answer but you have to work out what to do.  
S: Ohhh (immediately reaching for the calculator to correctly change 7 tenths to 7 ones).  
The high achieving students had an understanding of the continuous and exponential properties but 
were unidirectional.  (All uni-directional students associated a shift to the left with multiplication but a shift 
to the right with subtraction.)  Furthermore, the interview had revealed that their knowledge of the direction 
property of multiplicative structure was based on prototypic tasks and was therefore tenuous.  The middle-
low achievers generally accessed additive structure (+,  instead of , ); some knew the appropriate 
multiplicative operations but did not have any understanding of the role of the base.  For both groups of 
students, a large place value chart and digit cards (see Figure 7) were used in conjunction with the 
calculator to promote kinaesthetic knowledge of position change.  To represent the decimal point, the 
students were shown a variety of small adhesive stickers and asked to select one of these.  There were three 
reasons for using nonconventional representations of decimal points:  (a) to make the students aware that 
the decimal point, like all mathematical symbols, is a cultural artifact; (b) to add some excitement and 
motivation to an otherwise fairly dull task, and (c) to make the symbol more meaningful by allowing the 
students to choose their own representation.  As for the intervention for position and order, the language 
used was vital in helping the students connect the concrete place value procedures to the symbolic 
calculator procedures. 
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Figure 7.  Place value chart and digit cards used to develop the exponential model. 
The students were asked to show 7 tenths on the place value chart and then to move the digit to show 
7 ones.  They were then asked in which direction (right or left) they had moved the digit and whether the 
digit had become larger or smaller than it was before.  Thus the students’ kinaesthetic knowledge of 
position change was developed through moving the digit card whilst the associated language linked 
direction with size.  The students were then asked to show this change on their calculator.  This process was 
repeated for other adjacent places so that the relationship between the operation ( 10) and the leftwards 
direction was consolidated.  Once the leftwards direction was associated with an increase in value, the 
students were asked to predict which way they would have to move the digit to effect a decrease in value 
and then asked to use their calculator to show the operation that would make the digit shift one place to the 
right.  Again, the relationship between the operation ( 10) and the rightwards shift was consolidated with 
other adjacent places.  The same process was repeated to establish the relationship between the operation, 
the direction of the shift and the number of places shifted with ternary relationships. 
Once the students had moved the digits themselves (both directions) and then mirrored the processes 
required for both binary and ternary relationships, their new-found understanding was consolidated through 
activities where the interviewer moved the digit card (random direction and relationship but limited to 
ternary) whilst they mirrored the shifts on their calculator.  The following protocol (of a low-achieving 
student) exemplifies the language used throughout this type of intervention. 
I: Show me 7 tenths on the place value chart.  [He did so.]  Now show me where you want to get it 
to show 7 ones.  [He slid the digit card from the tenths place to the ones place.]  Have you made 
the 7 larger or smaller in value?  [S:  Bigger]  How many times bigger?  [S:  Ten times bigger.]  
Now enter 7 tenths on the calculator.  [He did so.]  What will you do to make the digit shift from 
the tenths place to the ones place?  [He entered  10 and was delighted to see that the operation 
produced the required shift.]   
I: Now, how do you think you could change the 7 ones back to 7 tenths?  [He entered  10.]     
This stage of the intervention was repeated until he had shown a connection between ternary shifts to 
the left with multiplication ( 100) and to the right with division ( 100).  The next stage of the intervention 
was then undertaken. 
I: Watch me now.  I’m going to move the digit (on the PVC) from there (7 tens) to there (7 
hundreds).  How can you do that on the calculator?  [S:  Multiply by 10.]  So you make it one 
place bigger when you multiply by 10.  How do you think we could get the 7 hundreds back to 7 
ones (showing on the PVC).  Is it getting larger or smaller in value?  [S:  Smaller.  (He entered  
100 and had 600.)  No, that’s wrong.]  What undoes multiplication?  [S:  Divide.]  Well, leave 
your 6 hundreds and make it into 6 ones (showing on the PVC).  [He divided by 100.]   
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I: Now, watch carefully because I’m going to try to catch you (shifting the digit on the PVC from 6 
ones to 6 hundredths).  [He divided by 100.]  Excellent.  How did you know to divide by 100?  [S:  
Because 10 times 10 is a hundred.]  Well done!  And did you get larger or smaller when you went 
from there to there (indicating ones to hundredths on the PVC)?  [S:  Smaller.]   
I: One more go but I’m not going to say anything so you have to watch what I do (placing the digit, 
3, in the tenths place and moving it to show 3 tens).  [He entered  100, looking very pleased 
with himself.]  What a champ! 
CONCLUSIONS 
With respect to position and order, the intervention appeared to be highly successful and, for some 
students, it seemed to provoke an “aha!” experience.  With respect to multiplicative structure, intervention 
was successful for those students who had an understanding of the role of the base.  However, within the 
time constraints of the study, there was no way of knowing whether the interventions would have long-term 
effects.   
These interventions showed that limited understandings of decimal numeration can be rectified with 
the creative use of learning materials that focus on multiplicative structure (see Level 3 knowledge in 
Figure 1) in relation to position and order (see Level 1 knowledge in Figure 1).  In particular, Baturo (1998) 
has shown that representing the decimal numbers with place-value charts and numeral cards and relating 
changes in place value positions to multiplication and division by powers of 10 on a calculator is a 
powerfully effective way to remediate understanding of both the multiplicative and symmetric patterns 
underlying decimal place value.   
Baturo’s (1998) study showed that some students have a propensity for constructing mental models 
be they appropriate, inappropriate or impoverished in some way; often, these models were developed 
without explicit teaching.  Thus, helping students construct mental models that facilitate abstract schema 
(Ohlsson, 1993) should be the major role of instruction in decimal number (and in mathematics, in general).  
Unlike content-full schema (Ohlsson, 1993) which are based on syntactic knowledge (Resnick et al., 1989), 
abstract schema are more likely to be accessed in nonprototypic situations.  
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The interview designed to probe the Year 6 students’ understanding of decimal numbers incorporated 
tasks which focused on the role of the decimal point, each of which had several sub tasks.   
Task P1:  Role of the decimal point 
Task P2:  Reading decimal numbers; identifying the decimal-fraction place names 
Task P3:  Differentiating place names 
Task P4:  Role of internal and external zeros 
Task P5:  Order of the whole-number and decimal-fraction place names 
Task P6:  Mental models 
Task P7:  Probing mental models 
Each task incorporated several sub-tasks, the objectives of which will be given with the specific sub-
task or group of sub-tasks.  However, underlying these tasks was the global objective of determining 
whether these students had developed for themselves, or had acquired through explicit instruction, 
mental models (described in Section 2.5.2) to help them connect the position of the whole-number 
and decimal-fraction places (a syntactic property) and the size relationship between the places (a 
semantic property).  To this end, contingent questions were planned (see Task P7) and would be used 
whenever the opportunity occurred (usually from the student’s response to a particular task).  
Generally, these opportunities arose in the course of Tasks P5 and P6.  (See Section 3.5.2 for the full 
rationale of the tasks related to position and order and Attachment 3 for the tasks.) 
